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From Lecture 12 to Lecture 13

In Lecture 12, we considered the equality-constrained problem

min fo(0) st h(0)=0, icE.

In Lecture 13, we do not change the basic framework. We only move to a more
structured case.

We split the variable into two blocks
0 = (61,02),

and write the objective and constraint in a more explicit form.

So Lecture 13 should be viewed as a structured special case of the
equality-constrained problem from Lecture 12.
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Writing h; explicitly

Suppose the objective is separable:
f[)(e) = f1(91) + f2(92).
Now write the equality constraint explicitly as

h(91, 92) =A101 + A0 — b = 0.

Equivalently, if h : R"*"2 — R™ then each equality constraint in Lecture 12 is just
one component:

hi(01,62) = [A1(91 + As6y —b] i=1,...,m.

I‘7
So the notation changes only because here the constraint is linear and explicit.
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Why this motivates ADMM

In ALM, the primal step is

(05, 657") ~ arg gliegl La(01,02, V% p).

Evenif f1(61) + f2(02) is separable, the term
2114161 + Asfz — b

still couples the two blocks.
Therefore, the ALM subproblem is usually not separable in 6; and 6s.

This is the motivation for ADMM:
® keep the same augmented Lagrangian as ALM,

® but replace the joint minimization by alternating block updates.
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Outline

ADMM: Alternating Direction Method of Multipliers
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Problem form

Consider
min f1(01) + f2(62)
01,02 (1)
s.t. A101 + Ax0s = b.

The objective is separable in 01, 05, while the two blocks are coupled by the linear
constraint.

This is the basic problem form for ADMM.
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Why not ALM?

For problem (1), the augmented Lagrangian method solves

min Lg(61,02,v; )

01,02
jointly in the two blocks.
The difficulty is that the quadratic penalty

%HAlel + Asfs — b2

couples #; and 6, so the subproblem is usually not separable.

ADMM keeps the same augmented Lagrangian, but updates the two blocks
alternately.
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Augmented Lagrangian

For problem (1), define

LA(01,02,I/;/,L) = f1(91)+f2(92)+VT(A191 +A202—b)+g||A191 —|—A292—b||g, w> 0.
(2)

This is exactly the same augmented Lagrangian as in ALM.

The difference is only in the update rule: ALM minimizes L, jointly in (61, 02), while
ADMM minimizes it block by block.
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ADMM updates

ADMM applies alternating minimization to the augmented Lagrangian:

gitt = argn%inLA(Gl,Hg, vk ). (3)
1
95“ = argI%inLA(QI{H, 0y, 5 ). 4)
2
S = kg H(Alefﬂ + A29I2(+1 — b). (5)

So each iteration has three steps: update 61, then update 65, then update the
multiplier.
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Where does the v-update come from?

Define the augmented dual function

gu(v) := inf L4(01,02,v; ). (6)
61,02

If (@1(1/), @g(u)) minimizes L, for a fixed v, then we calculate gradient (by Danskin’s
theorem), R ~
Vg“(v) = A191(V) + AQHQ(V) —b. (7)

So a gradient ascent step for maximizing g,,(v) is
S = k4 quﬂ(yk) =+ ,u,(Alé\l(yk) —|—A2§2(yk) — b). (8)

In the method of multipliers, (51, 52) is the joint minimizer. In ADMM, we use the
current alternating updates (/™1 571, which gives

VT = UK (405 + AL08T — b). (9)
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Why alternating helps

Compare ADMM with ALM for the same problem.

ALM step:
(0%F1 05T1) .= argmin La (61, 2, v5; ).
01,02
ADMM steps:
gitt = argr%inLA(Qh 05,05 1),
1
6§+1 = argn;inLA(Hll‘H,Qz, vk 1).
2

Interpretation. ADMM replaces the joint minimization by a single Gauss-Seidel pass
over the two blocks. This is what makes the method much easier to implement in
structured problems.
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Residual

For the coupling constraint, define the residual
r(61,02) := A161 + A2 — b. (6)
Then the augmented Lagrangian can be written as
L0601, 62,v) = F1(61) + Fa(62) + v Tr(61,62) + EIr(61,62)]3. M

Now define the scaled dual variable
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Scaled form

Using v = puand r = r(61, 62), we complete the square:
T, M Iz 0
v Tr+ L3 = Ellr+ w3 — Lyl )

Therefore, L i
L,,(01,02,u) = f1(01) + F2(02) + §Hf+ ull3 — 5”“”%- (10)

For the #;- and 6s-subproblems, the last term is constant, so we may drop it.
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Scaled ADMM

The scaled ADMM iteration is

9’{“ = argn%in {f1(t91) =+ gHAlgl +A29§ —b+ UkH%} ) (M)
1
05+ := argmin {f2(62) + S0 + Ao — b+ |3} (12)
2
T Y [ An R S (%)
Hence
k .
k=0 Z’J’ (14)
=1

so UK is the running sum of the primal residuals.
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Theorem (Convergence of ADMM)

Assume that f; : R™ — Rand fs : R — R are closed, convex, and differentiable,
and that the unaugmented Lagrangian has a saddle point. More precisely, there
exists (67, 65, v*) such that for all 61,02, v,

LO( Taegvy) < LO( T,%,l/*) < L0(91’92,U*>.

Then the ADMM iterates satisfy

® residual convergence:
~— 0;

® objective convergence:
f1(65) + F2(65) — p*;

¢ dual variable convergence:
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Remarks on the theorem

e ADMM can be slow. ADMM is often attractive when moderate accuracy is
enough. If very high accuracy is required, its convergence may be slow.

¢ Intuition for the saddle point assumption. The primal variables minimize L, at
fixed v*, while the multiplier v* maximizes L at fixed (7, 65). So the Lagrangian
looks like a valley in the primal directions and a peak in the dual direction.

¢ What is not guaranteed. The theorem shows residual convergence, objective
convergence, and dual variable convergence. But 6 and 64 need not themselves
converge to optimal values, unless additional assumptions are imposed.
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Optimality conditions

The unaugmented Lagrangian is
L0(91,¢92, l/) = f1(91) + f2(92) + VT(A191 + Ay — b).

The necessary and sufficient optimality conditions are:

Primal feasibility
A107 + As05 — b = 0,

Dual feasibility
Vi (07) + Al v* =0,

Vfy(0%) + Agv* = 0.
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The 6>-update

By definition, 65" minimizes
Lu(ellﬂ_l’ 02, Vk)

with respect to 5. Therefore,
Vi (05T) + A VK + pAg (41057 + As05T — b) = 0. (18)
Using the multiplier update
Vk-‘rl _ Vk+,u(’41011(+1 +A29/2(+1 _ b)7

we obtain
V(05T + Ag ML = 0. (19)

So the second dual feasibility condition is satisfied exactly at every iteration.
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The ¢;-update

By definition, 0™ minimizes
Lu(ela 9I2(a Vk)

with respect to 6. Therefore,
VO + Al K+ pA] (41057 + As605 — b) = 0. (20)
Add and subtract A29’2‘+1 inside the last term:

0= V0 + Al

(21)
+ pA] (AT 4 As05TE — b) + pA{ Ax (05 — 05TT).
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The ¢;-update

Using
VL = UK (A5 4 AL05T — b)),

equation (21) becomes
pA] Ay (05T — 05) = VF (051 + A UFHL (22)
This motivates the definition of the dual residual
S = A A (05T — 65). (23)

If s¥*1 is small, then the first dual feasibility condition is nearly satisfied.
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Primal and dual residuals

The primal residual is the constraint violation
Pl = 405 4 A0kt — b, (24)

The dual residual is
sk = A Ay (05T — 6%). (25)

So the optimality conditions are monitored by two quantities:

e r“*t1. how well the primal constraint is satisfied;

e skt1: how well the first dual feasibility condition is satisfied.
Moreover, the second dual feasibility condition

Vi (05T + Ag /T =0

already holds exactly at every step.
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Stopping criterion

A standard practical stopping test is

ka||2 < Epri, HSkHz < Edual- (26)

The tolerances are often chosen by combining an absolute and a relative term:
Epri = Eabs + erel max{ [ 4162, 426512, |[b]|2}, (27)
€dual = €abs T ErelHAIVkHQ- (28)

So ADMM stops only when both feasibility and stationarity are sufficiently accurate.
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Outline

Convergence proof
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Proof setup

Assume the conditions of the convergence theorem hold, and let (07, 65, v*) be a
saddle point of L.
Define

Pk = F(0%) + fo(05), ¥ = A05 + A0 — b,

and
s = pAl Ay (05 — 0571,

We also introduce the Lyapunov function
1
V= ;Hl/k—V*I@JruHAQ(%—%)H%- (A.0)

Our goal is to show that V% decreases along the ADMM iterates.
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Three key inequalities

The proof is based on the following three inequalities:

VD <V — P13 =l Ao (05T — 05)]13, (A1)
pk+1 _p* S _ (Vk—f—l)'l'rk—l—l ( )
A2
— (Ao (05 — 08)) " (= + Ay (05T - 03)),
p* _pk+1 < (V*)Tl‘k+1. (A3)

We prove (A.3), then (A.2), and finally (A.1).
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Consequences of (A.1)

By iterating (A.1), we obtain

> (I3 + 1057 — 66)13) < v~ (A4)
k=0
Therefore,
=0, Ay (5T —6k) — 0.
Since

S = pAT Ao (05T — 65),

it follows that
sk —o.

So (A.1) already gives primal residual convergence and dual residual convergence.
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Objective gap bound

From (A.2), observe that
—r - Ay (05T — 63) = A0 - 6Y),

because
P = A0 A5t — b

and
A107 + A5 — b = 0.

Hence (A.2) can be rewritten as
pk+1 _p* S _(Vk—i-l)—l'rk—l—l + (9/{—&—1 _ 9{)T3k+1. (A5)
This is the bound used to motivate the stopping criterion.
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Proof of (A4.3)

Since (67, 65, v*) is a saddle point of L, we have
Lo (07,05, 0%) < Lo(0%T, 05T v™).
Using feasibility of the optimal point,
A107 + As05 — b = 0,
the left-hand side is simply p*. Therefore,
p* < RO + (0571 + () T

Since
Pt = f (0 + o657,
we obtain
p* _pk+1 < (V*)Trk+1

which is exactly (A.3).
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Proof of (A.2): the 0,-step

By definition, 8™ minimizes
L,(61,05,0%).

So the first-order optimality condition is

VAT + AT K+ pA] (A0 + As6k — b) = 0.

Using
SR — K
we rewrite (A.6) as
VA (K1) + AI(WI — Ay (0K — eg)) —0.
k
01+1

Therefore, minimizes

T
f1 (01) + (l/k+1 — MA2(912(+1 — 9’2()) A6.

Statistical Optimization
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Proof of (A.2): the 0,-step

Similarly, 651 minimizes
ket k
Lu(el ) 927 14 )7

SO
Vi (05T1) + AJ UK 4 pAg FH = Vi (0571 + A U/ = 0. (A.8)

Hence 651 minimizes
f2(02> + (I/k+1)TA202.

So we have -
fl(ellr-i-l) + (VkJrl _ MA2(912<+1 _ 9/2()) Alell(—i-l

T
< (6 + (uk“ — Ay (05T — 95)) 167,

and
F2(05T) + (V) TAL05TT < £2(03) + (V) T A0
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Proof of (A.2): combine

Adding the two inequalities from the previous frame gives
T
P (N T (AT + Anf5™) — (A2 (657 — 65)) Ao

< p* o+ (FTY)T (A7 + As03) — pu(Ao(05T" — 05)) T Ay 07,

Using A16% + A26% = b and rkt1 = A, 051 4 4,05+ — b, we obtain
T
pFTt —p* < =TT 4 (A (05T — 05))  (A05T! — Av6Y).

Finally,
AT — A0 = P Ay (05T — 63),
SO T
P — p* < — (W TR (Ao (05T — 05)) T (=P Ax (05T — 03)).

This is exactly (A.2).
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Proof of (A.1): first rewriting

Adding (A.2) and (A.3), regrouping terms, and multiplying by 2, we get

2 — *)TPHL — 2p(Ax (T — 05))

k+1 K\ T k+1 * (a.9)
+ 2u(Ax (05T — 05)) Aq(65T' —05) < 0.
For the first term, using
P = ok gt
we obtain )
24 =) T = (I = 13) . (10)
I
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Proof of (A.1): second rewriting

Let
02 = 02 - 0k2.

Using
o5 — 05 = AGST 4 (05— 63),

the last two terms in (A.9) can be rewritten as
il — A0+ o ([As (057 — 03)13 — 114265 — 03)113). (A)

Combining (A.10) and (A.11) with (A.9), we obtain

V= V> P — A (05t - 65) |5 (A.12)
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Proof of (A.1): sign of the cross term

To strengthen (A.12), we need the middle term in
1P — Az (05 — 05)113
to have the correct sign. Recall that #5** minimizes
fg(eg) + (Vk+1)TA292,
and 6% minimizes
f2(92) —|— (Vk)TAQQQ.
Therefore,
F2(0571) + (V) TA05H < £o(05) + (V) T Aot
f2(05) + (V) T A2 < Fo(0571) + (/) TA205 T
Adding them gives
(=) TAy (05T — 65) < 0.
Since
Y
we obtain
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Proof of (A.1): conclusion

Using the sign result from the previous frame, the square on the right-hand side of
(A.12) satisfies

1P — Aa(6571 — O3 > [IP 13 + 11A2(65" — 65)]13.

Hence
VAL < VK — | P13 — ]| As (05T — 65)]13,

which is exactly (A.1).
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Convergence proof: summary

We have shown:
e from (4.1),r* — 0and sk — 0;
e from (4.2) and (4.3), together with r¥ — 0 and Ay (65T — 6%5) — 0, we obtain
p* — p*.
So the ADMM iterates satisfy:

-0, s—=0  pF—p~

This completes the appendix proof of convergence.
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